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Abstract. Long-short mode coupling during inflation, encoded in the squeezed bispectrum
of curvature perturbations, induces a dependence of the local, small-scale power spectrum
on long-wavelength perturbations, leading to a scale-dependent halo bias. While this scale
dependence is absent in the large-scale limit for single-field inflation models that satisfy the
consistency relation, certain models such as resonant non-Gaussianity show a peculiar behav-
ior on intermediate scales. We reconsider the predictions for the halo bias in this model by
working in Conformal Fermi Coordinates, which isolate the physical effects of long-wavelength
perturbations on short-scale physics. We find that the bias oscillates with scale with an en-
velope similar to that of equilateral non-Gaussianity. Moreover, the bias shows a peculiar
modulation with the halo mass. Unfortunately, we find that upcoming surveys will be unable
to detect the signal because of its very small amplitude. We also discuss non-Gaussianity due
to interactions between the inflaton and massive fields: our results for the bias agree with
those in the literature.
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1 Introduction
One of the main goals of modern cosmology is understanding the dynamics of inflation. Spe-
cial interest goes to the interactions among the degrees of freedom active during inflation.
These will affect the correlation functions of primordial fluctuations and lead to a deviation
from Gaussianity: since the same fluctuations provide the initial conditions for structure for-
mation, we expect to see an imprint of primordial interactions in the higher-order correlation
functions of late-time observables. Current constraints on non-Gaussianity come mainly from
the CMB [1], but significant improvements are expected to come from large-scale structure
(LSS) observations [2, 3, 4, 5].
The scale dependence of the bias of tracers of the dark matter density field (e.g. dark
matter halos) is a prominent signature of primordial non-Gaussianity on large-scale structure
[6, 7, 8, 9]. For Gaussian initial conditions, the number density of halos on scales larger
than the halo Lagrangian radius R∗, i.e. in a region of size RL  R∗, depends on the
average of the matter density in that region (and its gradients). There is also dependence on
the amplitude of matter fluctuations on scales smaller than R−1L : however, in absence of a
coupling between long- and short-wavelength modes in the initial conditions, this dependence
only affects the tracer statistics on large scales by adding a white-noise term to the otherwise
deterministic relation between their number density and the matter density. Things change
for non-Gaussian initial conditions. In this case there are large-scale modulations of the
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small-scale fluctuations, due to mode coupling. This leads, in general, to a dependence
on both the amplitude and the shape of the small-scale matter power spectrum: both are
correlated with long-wavelength perturbations, in a way that is encoded by the squeezed-limit
bispectrum. Famously, for local primordial non-Gaussianity, where the primordial bispectrum
takes the form Bφ(k1,k2,k3) = 2f locNL
(
Pφ(k1)Pφ(k2) + 2 perms.
)
, the amplitude of small-scale
fluctuations is uniformly rescaled by the gravitational potential, leading to a scale-dependent
bias that increases as k−2 on large scales relative to matter [10]. Looking for this scale
dependence in galaxy surveys can place constraints on non-Gaussianity that are competitive
with those from the CMB: future large-volume galaxy surveys can in principle reach the
precision of σ(f locNL) . 1 [11, 12, 13, 14, 15, 16], and can go down to σ(f locNL) ≈ 0.2 when
measurements of the galaxy bispectrum are included [17].
While sizable local non-Gaussianity is generically expected in multi-field inflationary
models, things are different in single-clock inflation. Here, the leading behavior of the bispec-
trum in the squeezed limit is determined by the so-called consistency relation [18, 19], which
relates it to the tilt of the power spectrum, giving f locNL = 1 − ns. However, such consistency
relation cancels from any local observable [20, 21, 22, 23]: when discussing dark matter trac-
ers this is just the statement that, with adiabatic initial conditions, their clustering is not
sensitive to the local scale factor, but can be affected only by the local curvature and the local
Hubble rate [24, 25, 26, 9]. This “separate universe” picture is made explicit by working in
Conformal Fermi Coordinates (CFC) [21, 22]: in CFC the squeezed bispectrum contains only
the physical part of the couplings between long and short modes set up by inflation, which
can actually affect the dynamics once the modes re-enter the Hubble radius.
Consider, then, the squeezed-limit expansion in powers of k`/ks, where k−1` and k
−1
s
are, respectively, the scale at which we measure correlations and the size of the tracers we
are looking at. If the consistency relation holds, using CFC one can show that the first
physical effect from the initial conditions arises at order (k`/ks)2 [20]. For some particular
inflationary models, however, this conclusion is too quick. Consider for example the case of
an inflaton speed of sound c2s  1: in this case, there is an enhancement ∼ c−2s (k`/ks)2 in the
squeezed limit [27]. Another example is that of axion monodromy-inspired models of inflation
[28, 29, 30], where the slow-roll potential possesses small sinusoidal modulations. In these
models, the bispectrum has a specific shape (called resonant non-Gaussianity) which has little
overlap with all other bispectrum templates [31]. The bispectrum satisfies the consistency
relation [31], but deviations appear at order αk`/ks, where α  1 is the frequency of the
oscillations of the background in units of the Hubble rate [32, 33, 20]. This is due to the
fact that in the regime of rapid oscillations, the modifications in the power spectrum come
from resonant production of inflaton quanta of comoving momentum k happening at kaH ∼ α,
i.e. when the mode is a factor α shorter than the Hubble radius. For the long mode to act as
a modification of the background for the short modes, it had to be well outside the Hubble
radius not only at the time of Hubble exit of the short modes, but already when they were in
resonance [31, 32]. A third example is Khronon inflation [34]: in this case the time dependence
of the curvature perturbation ζ(k) does not start at order k2 as in the standard scenario, so
there is a non-trivial contribution at order k` in the squeezed limit, which corresponds to a
non-local term ∝
√
∂2ζ. However, this contribution will be suppressed by the deviation from
scale invariance, i.e. by slow-roll, so the final result is too small to be of interest.
A second family of models that show a peculiar behavior in the squeezed limit are
the so-called “cosmological collider” models. Here, the inflaton is coupled to other massive
fields that can have non-zero spin: the conversion of a long-wavelength massive particle into
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curvature perturbations can generate long-short mode couplings and leave an imprint on the
squeezed bispectrum [35, 36, 37, 38]. While the consistency relation is satisfied, i.e. the
term ∝ (k`/ks)0 is fixed by 1 − ns, it is possible to have a non-analytical dependence of the
scalar bispectrum on k`/ks at sub-leading order in the squeezed limit: indeed, while some
of the effects of the interaction can be mimicked by adding local vertices to the Lagrangian
of the Goldstone boson pi of broken time diffeomorphisms (as a result of integrating out
these massive fields), spontaneous particle production in an expanding spacetime will lead
to effects that are inherently non-local. As an example, consider a massive scalar field σ
coupled to pi: if m ≥ 3H/2 the bispectrum will show an oscillatory behavior with k`/ks, while
fields with 0 < m < 3H/2 will lead to scalings (k`/ks)3/2−ν , where ν =
√
9/4−m2/H2.
While these non-analytical scalings are suppressed by exp(−pim/H), it is possible to obtain
some observable effect in the limit of small sound speed for pi [38]. Unlike isocurvature
modes, the energy density due to massive particles becomes quickly diluted during inflation,
so that they do not have any effects on observables after the end of inflation. In other words,
the relationship between the adiabatic mode pi at the end of inflation and the conserved
quantity ζ is the same as in the single-clock case. This allows us, again, to study the effect of
this primordial non-Gaussianity on the scale-dependent bias by working in Conformal Fermi
Coordinates, i.e. by computing the squeezed CFC bispectrum.
One last class of single-field models known as Ultra Slow-Roll inflation [39] is well-known
for its peculiar features in the squeezed-limit bispectrum [40, 41, 42]. New soft theorems in
this class of models have been recently discussed in [43, 44, 45, 46], together with their
implications for late-universe observables [47]. Here, we will not discuss them further.
The goal of this paper is to compute the scale-dependent bias in these inflationary
models. Among the single-clock models discussed above, we are going to focus only on the
case of resonant non-Gaussianity: this was originally investigated in [48] (which, however,
included the unphysical contribution from the consistency relation). For the cosmological
collider models, we consider only the case of a spin-0 field with m ≥ 3H/2 (the more general
case was recently investigated in [49]).
The paper is organized as follows: in Section 2 we review the concept of bias in General
Relativity following [24], matching to the results of [22]: the technical details of how to use
the calculation of CFC bispectrum during inflation as the initial condition for the late-time
evolution are collected in Appendix A. In Section 3 we compute the CFC bispectrum for
resonant non-Gaussianity, and discuss the results for the bias in Section 4 (some theoretical
details on the calculation of the bias are collected in Appendix B, while two additional plots are
shown in Appendix C). Section 5 does the same for cosmological collider models. We conclude
in Section 6. Appendix D contains the details of the calculation of the CFC bispectrum in
cosmological collider models.
Notation and conventions We follow [18, 24, 25] and denote the comoving curvature
perturbation by ζ. In [22] it is denoted by R: more precisely ζhere = −Rthere. We denote
conformal time by η. The Planck mass is defined as MP = (8piGN)−1/2. The amplitude of
the dimensionless scalar power spectrum is defined as As = ∆2ζ .
2 Bias as dependence from local curvature
We briefly review the definition of halo bias from [24], and see how it can be matched to the
calculations of [22, 50]. The formation of dark matter halos happens on scales of order of
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the non-linear scale (the distance travelled by dark matter particles): this is the short scale
k−1s . Consider then an adiabatic perturbation in the gravitational potentials of wavelength
k−1` much longer than the size of the region that forms a halo. If the mode is also longer
than the sound horizon of short-scale perturbations, its effect will be equivalent to that of a
modification of the local expansion history and of the local curvature of the universe.
Then, halos will form as if they were living in a different background FLRW, and we can
define bias as how a family of inertial observers living in the patch sees the number density
of halos depend on the mean curvature that they measure in the patch.1 In Conformal Fermi
Coordinates (tF ,xF = q), where tF is the proper time and q is the Lagrangian coordinate
of comoving observers with the matter fluid, this “separate universe picture” is manifest, and
we can define the Eulerian bias as
bEKF ≡ −
∂ log 〈nEh (tF , q)〉
∂ΩKF
∣∣∣∣
KF=0
, ΩKF = −
KF
a2FH
2
F
, (2.1)
i.e. as the derivative of the proper density of halos of a given mass, averaged in the CFC
patch, with respect to the contribution of the local curvature to the energy density. The
definition that is usually used in the literature is different from Eq. (2.1): indeed one defines
the bias bE1 as a derivative with respect to the local density using the relation between KF
and the synchronous-gauge density perturbation, i.e.
KF =
5
3
ΩmH
2
0
D1(η)
δsc(η) , (2.2)
where D1(η) is the linear growth factor normalized to a(η) during matter domination. In the
rest of this paper we are going to use the Lagrangian bias b1 as bias parameter, i.e.2
b1 = b
E
1 − 1 =
5
3
ΩmH
2
0
D1(η)
bKF
a2FH
2
F
− 1 . (2.3)
Non-linear gravitational evolution will contribute to the coupling of the short-scale modes
to local curvature (mainly through the modification to the expansion history if the speed of
sound is small), thereby contributing to the derivative in Eq. (2.1) and then to b1. Therefore,
if the initial small-scale perturbations are not correlated with the long-wavelength mode, b1
captures the full dependence of the halo number density on it (at leading order in derivatives
and in perturbations). However, some contribution will also come from the initial conditions,
i.e. by the long-short mode coupling during inflation. Here CFC are again very useful. Indeed,
we can use them to follow both short and long modes from when they leave the Hubble radius
during inflation to Hubble re-entry during radiation or matter dominance (this would not have
been possible had we used standard Fermi Normal Coordinates, since they can be trusted
only far inside the Hubble scale): more precisely, it is enough to work at linear order in
1This must then be connected to what is actually measured by an observer on Earth. However, these
“projection effects” are independent of the dynamics, and can be computed separately, for example with the
so-called ruler perturbations of [51, 52, 53] (see also [54, 55, 56] for similar approaches).
2The relation between the Lagrangian and Eulerian biases is determined by
1 + δEh = (1 + δh)(1 + δsc) = 1 + (1 + b1)δsc ,
where δh and δEh are the fractional Lagrangian and Eulerian halo density perturbations at fixed proper time,
respectively.
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perturbation theory for the short modes in the curved separate universe described by CFC.
The initial conditions for the Newtonian potentials, then, are simply given by
φFs = ψ
F
s = −
3(1 + w)
5 + 3w
ζFs , (2.4)
where we have defined the potentials φFs and ψFs in Newtonian gauge by
ds2 = a2F
[
−(1 + 2φFs )dη2F +
(1− 2ψFs )dx2F
(1 +KF |xF |2/4)2
]
. (2.5)
The procedure is delineated in Appendix A: it amounts to computing the relation between the
gauge-invariant curvature perturbation on constant energy hypersurfaces in a curved FLRW
background and the short-scale metric perturbations in Newtonian gauge. We can already
understand why Eq. (2.4) will hold by recalling that the corrections coming from curvature
will scale as ΩKF /H
2
F = −KF /(a2FH2F ), which is exponentially diluted during inflation. All
that is left, then, is how interactions during inflation couple ζFs to KF . These are the initial
conditions that one can use, e.g., in a separate universe simulation: for example, one can run
numerical codes such as CAMB [57] with non-zero curvature and modified expansion history
and an initial power spectrum for the comoving curvature perturbation equal to the one in
CFC [24, 25, 26].3
What about the coupling with KF or, equivalently, the squeezed bispectrum of the
comoving curvature perturbation in CFC? This can be derived in a number of ways [27, 50],
but the most straightforward way is to realize that, if we are in presence of an isotropic long
mode ζ`, the long-wavelength part of the metric during inflation is already of the same form
of that of a curved FLRW, apart from corrections that decay as the universe expands. Indeed,
let us consider comoving gauge and neglect tensor modes: at linear order in perturbations,
the metric takes the form
ds2 = a2(η)
[−(1 + 2δN`(η,x))dη2
+Ni,`(η,x)(dηdx
i + dxidη)
+
(
1 + 2ζ`(η,x)
)
dx2
]
+O(ζ2` ) .
(2.6)
At this order, using the isotropy of the long mode (i.e. ∂iζ`(η,0) = 0 and ∂i∂jζ`(η,0) =
∂2ζ`(η,0)δij/3), we can rewrite the spatial part as
gij =
a2(η)
[
1 + 2ζ`(η,0)
]
δij(
1 + KF |x|
2
4
)2 +O(x3, ζ2` ) , (2.7)
where KF = −2∂2ζ`(η,0)/3. The solutions for the lapse and shift constraints, i.e. [18]
δN` =
ζ ′`
H , (2.8a)
Ni,` = ∂i
(
− ζ`H + ε∂
−2ζ ′`
)
, (2.8b)
3Of course, to be able to treat KF as a constant throughout, the long mode must re-enter the Hubble
radius during matter dominance.
– 5 –
decay at late times (indeed, since we assume that the vacuum is the Bunch-Davies one and
that the background has already reached the attractor, the time dependence of ζ starts at
order k2: ζ ′ ∼ k2η). Notice that here by “late times” we mean the transition from the
inflationary phase to the Hot Big Bang phase. To find the initial conditions on super-Hubble
scales for the evolution of perturbations in the epoch of radiation or matter dominance one
takes the η → 0 limit during the inflationary phase, when the expansion is close to de Sitter,
H = −1/η (see [18] and [58] for a calculation up to second order in perturbations). To
summarize, this tells us that the CFC scale factor will asymptote to its unperturbed value at
late times [27, 50], and only the correction to the local curvature KF , which is conserved on
super-horizon scales, will survive.4
Therefore, in the case of an isotropic long mode, the CFC calculation simplifies greatly,
and reduces to that of [20]: more precisely, up to and including O(k2`/k2s), the super-Hubble
squeezed CFC bispectrum takes the form
BFζ (k`, ks) = Bζ(k`, ks)−
d log
(
k3sPζ(ks)
)
d log ks
Pζ(k`)Pζ(ks)
≡ Bζ(k`, ks)−∆Bζ(k`, ks) ,
(2.9)
where Bζ(k`, ks) is the squeezed bispectrum in global coordinates, averaged over the angle
cos θ between k` and ks:∫ 1
−1
d cos θ
2
lim
k`→0
〈ζ(k1)ζ(k2)ζ(k`)〉 ≡ (2pi)3δ(3)(k1 + k2 + k`)Bζ(k`, ks) , (2.10)
with k1 = ks − k/2, k2 = −ks − k/2. Since the bias is sensitive only to the angle-average
of the squeezed-limit bispectrum, Eq. (2.9) is all we need to compute the contribution to b1
from the initial conditions. We start by considering the case of resonant non-Gaussianity.
3 Resonant non-Gaussianity
The bispectrum of the curvature perturbation in axion monodromy-inspired models of infla-
tion, in which a periodic term is superimposed on the slow-roll potential as
V (φ) = V0(φ) + Λ
4 cos
(
φ
f
)
, (3.1)
is given by [31]
Bζ(k1, k2, k3) = f
res
NL
(
4pi2∆2ζ
)2∏3
i=1 k
2
i
[
sin
(
α log
kt
k∗
)
+ α−1
∑
i 6=j
ki
kj
cos
(
α log
kt
k∗
)
− α−2kt
∑3
i=1 k
2
i∏3
i=1 ki
sin
(
α log
kt
k∗
)]
+Bhoζ (k1, k2, k3) ,
(3.2)
where kt ≡
∑3
i=1 ki and k∗ is the pivot scale at which the amplitude ∆
2
ζ of the dimensionless
power spectrum is defined. Here Bhoζ represents terms of higher order in the α 1 expansion,
where α is related to the axion decay constant f and the slow-roll parameter ε = −H˙sr/H2sr
4As shown in [50], there are O(ε) tidal fields, that in any case vanish for an isotropic long mode.
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through f/
√
2ε = MP/α, and it can be related to the frequency ω of the periodic features in
the Hubble rate H(t) = Hsr(t) +Hosc(t) sin(ωt) by α = ω/Hsr. The power spectrum, instead,
is given by [30, 59, 33, 60]
Pζ(k) =
2pi2∆2ζ
k3
(
k
k∗
)ns−1[
1 + δns cos
(
φk
f
)]
, (3.3)
where φk = φ∗ −
√
2ε∗ log(k/k∗) is the value of the inflaton field at which the mode with
comoving momentum k exits the Hubble radius, and ε∗ is the value of ε = −H˙sr/H2sr when
the pivot scale k∗ exits the Hubble radius. Here, the amplitude of the sinusoidal correction
to the scalar tilt δns and the amplitude of non-Gaussianity f resNL are related by
f resNL =
3b∗
√
2pi
8
α
3
2 =
α2δns
8
, (3.4)
where the monotonicity parameter b∗ quantifies the height of the modulations to the slow-roll
potential (and must satisfy b∗ < 1 to avoid that the inflaton gets trapped in a local minimum).
As discussed in [32, 20, 50], the squeezed bispectrum Bζ should not contain terms pro-
portional to k`/ks, if ks and k` are defined as
k1 = ks − k`
2
, k2 = −ks − k`
2
, k3 = k` . (3.5)
Instead, such linear terms do appear when expanding the three leading order terms in
Eq. (3.2). The reason for their presence is the following. The bispectrum in global coor-
dinates is computed as an expansion in α−1, and at a fixed order α−n, the term proportional
to α−n × (k`/ks) in the squeezed limit will be cancelled by5 a contribution coming from the
term of order α−(n+1) [32]. So, if we do not include Bhoζ we do not find a cancellation at
order α−2. To fix this problem, we keep a contribution from the higher order term that in
the squeezed limit takes precisely the right form to cancel all k`/ks terms at order α−2:
Bhoζ (k`, ks) ⊃ −f resNL
8
α2
k`
ks
sin
(
α log
2ks
k∗
)
Pζ(k`)Pζ(ks) . (3.6)
By including this term but neglecting the corresponding term of order α−3 in the bispectrum
in global coordinates of Eq. (3.2), we are making an error of order α−3, which is negligible
for any foreseeable application (as we will see in Section 4.1). The CFC correction ∆Bζ is
simply computed from the power spectrum of Eq. (3.3):
∆Bζ(k`, ks) ≡ f resNL
{
8
α
[
cos
(
α log
2ks
k∗
)
− 2
α
sin
(
α log
2ks
k∗
)]}
Pζ(k`)Pζ(ks) . (3.7)
In summary, the CFC squeezed bispectrum is given by
BFζ = Bζ +B
ho
ζ −∆Bζ
= f resNL
[
2α cos
(
α log
2ks
k∗
)
− 10
3
sin
(
α log
2ks
k∗
)
+ . . .
]
k2`
k2s
Pζ(k`)Pζ(ks) +O
(
k3`
k3s
)
.
(3.8)
Some comments are in order:
5This is seen explicitly in Eq. (3.2): since the explicit terms go up to order α−2, there are no terms
∼ α−1 × (k`/ks) in the squeezed global bispectrum (and then in the CFC transformation).
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• subleading corrections in α−1 to the bispectrum of Eq. (3.2) will correct Eq. (3.8) only
at order α−3 × (k2`/k2s);
• at a fixed value of k`/ks, we see that the “physical” term of order k2`/k2s is enhanced for
large α;
• at order (k`/ks)0, the term out of phase with the tilt of the power spectrum is cancelled
by the contribution of order α−3 to Eq. (3.2).
Having derived the CFC bispectrum, in the next section we briefly discuss what is the
maximum value of f resNL currently allowed by data. Then, in Section 4 we discuss how the
correction to b1 from general primordial non-Gaussianity can be computed in practice, and
show the results for the resonant case.
3.1 Large frequency limit and maximum f resNL
Let us review the theoretical and observational priors on the frequency of oscillations α. As
explained in [30, 31], the theoretically motivated regime is α  1: indeed, as we discussed
above, α is equal to
√
2εMP/f = 0.1(MP/f), (fixing ε to the maximum value allowed by
current bounds on the tensor-to-scalar ratio, i.e. r < 0.08 at 95% CL [60, 61]) where f is
the axion decay constant. String theory seems to predict sub-Planckian decay constants
[62, 63], and f  MP is possible. The α  1 limit is interesting also from the point of
view of the observational prospects, since we recall that f resNL is given by Eq. (3.4), i.e. f
res
NL =
3b∗
√
2piα
3
2 /8 = α2δns/8.
We start, then, by discussing what is the maximum value of α (and, with it, of f resNL) that
we can achieve given the current bounds from CMB anisotropies. Current 95% CL bounds
from Planck temperature and polarization angular spectra, taken from Fig. 40 of [60], are
reproduced in Fig. 1 (we reprocess the figure with Mathematica to extract the 68% CL and
95% CL contours).6 From Fig. 1 we see that a good estimate for the maximum f resNL allowed
at 95% CL is f resNL ≈ 3× 10−4 × α2.63, going up to f resNL ≈ 2.6× 104 for α = e7 ≈ 1.1× 103
(i.e. the maximum value considered in the Planck analysis).
There are additional constraints, both theoretical and observational, that we must men-
tion. One constraint on the maximum value of α comes from the requirement of perturbative
non-Gaussianity. For primordial fluctuations of size 〈ζ2〉 ≈ 2× 10−9, we see that a pertur-
bative treatment of their PDF around a Gaussian breaks down if the three-point function
〈ζ3〉 ∼ f resNL 〈ζ2〉2 becomes of order 〈ζ2〉3/2, requiring f resNL . 2× 104. Using Eq. (3.4), this
translates into the upper bound α . 800 × b−2/3∗ . From Fig. 1 it is straightforward to see
that, in the range of frequencies considered by Planck, the requirement of perturbative non-
Gaussianity is satisfied. Another constraint comes from the CMB: with it we can place bounds
on resonant non-Gaussianity directly through, e.g., the TTT bispectrum. In [1], the scan for
resonant non-Gaussianity in the bispectrum has been carried out for logα < 3.9, with the
conclusion that the constraints on f resNL are a factor of ≈ 8 weaker than the ones coming from
the power spectrum. Finally, in [33], resonant non-Gaussianity was studied in the context
of the Effective Field Theory of Inflation, by studying the case where the continuous shift
symmetry of the Goldstone boson of time diffeomorphisms is softly broken to a discrete sub-
group. Bounds on the consistency of the Effective Field Theory, then, imply a constraint
6A forecast on how much future CMB and LSS experiments will improve the bounds on a primordial power
spectrum with superimposed logarithmic oscillations has been recently carried out in [64].
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α  (4pi/√2 〈ζ2〉)1/2 ≈ 400. It is important to stress, however, that this bound is obtained
from knowledge of the low-energy theory only: if, e.g., the UV completion in string theory
is known, it would be replaced by (model-dependent) requirements of consistency and com-
putability in the string compactifications that give rise to a potential like the one of Eq. (3.1)
(we refer to [30] for a discussion). For these reasons, in the following we will carry out a
phenomenological analysis, and consider as constraints on α and b∗ only those coming from
current data.
100 101 102 103
α
0.00
0.05
0.10
0.15
0.20
0.25
δn
s
68% CL
95% CL
b∗ = 0.01
b∗ = 0.1
b∗ = 0.5
2× 10−3 α0.63
Figure 1: Constraints in the α – δns plane from Planck temperature and polarization an-
gular spectra. We see that the whole 95% CL allowed region is consistent with having a
monotonicity parameter b∗ < 1. Therefore, we can safely take δns = 2× 10−3×α0.63 (orange
line) as a rough estimate for the maximum value of δns allowed by Planck.
4 Bias in resonant non-Gaussianity
The effect of primordial non-Gaussianity on the statistics of dark matter halos can be treated
in a model-independent way through the bias expansion, that describes the halo density
contrast δh as a local functional of gravitational observables (like δm or the tidal field Kij =
(∂i∂j/∂
2 − δij/3)δm).7 More precisely, since we are interested in the clustering of halos on
scales much larger than the typical spatial scales involved in their formation (of order the
Lagrangian radius for halos), the kinematic regime of the three-point function that is relevant
for the bias is the squeezed limit, where one mode k3 = k` is much longer than the other two
modes k1 ∼ k2 ∼ ks.
Let us expand the bispectrum of the Newtonian potential φ in this limit. Following [9],
7Strictly speaking, δm is an observable only on sub-Hubble scales. Moreover, we stress that the dependence
of δh on δm and Kij is local in space but non-local in time. For non-Gaussian initial conditions, the time
evolution induces higher-order operators that are important for the galaxy bispectrum [65].
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we can write (using Eq. (3.5) as the definition of ki in terms of ks, k`)
Bφ(k1,k2,k`) = A(ks,k`)Pφ(ks)Pφ(k`) +O(k2`/k2s)
=
∑
J=0,2,...
AJ(ks, k`)LJ(cos θ)Pφ(ks)Pφ(k`) +O(k2`/k2s) , (4.1)
where LJ are the Legendre polynomials and we have defined cos θ = kˆs · kˆ`. Notice that
only even Legendre polynomials can appear in the squeezed-limit expansion: indeed, we can
interpret the squeezed bispectrum as a modulation by a long-wavelength mode φ(k`) of the
local power spectrum Pφ(ks|q) in a patch much smaller than the wavelength of this mode
(that we center in q = 0 for simplicity). Since this is the power spectrum of a real field, we
must have Pφ(ks|q) = Pφ(−ks|q).
Let us now assume for a moment that AJ(ks, k`) = 4aJ(k`/ks)∆ (the factor of 4 is
conventional), and focus on the J = 0 case (since we are interested in the bias, which is
sensitive only to the monopole of the bispectrum). Eq. (4.1) tells us that the local power
spectrum of the short-scale perturbations in this patch is modulated as
Pφ(ks|q) =
[
1 + 4a0φ(k`)
(
k`
ks
)∆
eik`·q
]
Pφ(ks) . (4.2)
For ∆ = 0, we see that the amplitude of the small-scale power spectrum is uniformly enhanced
by the long mode, while for ∆ 6= 0 we see that also its shape is affected. Since the modulation
of Pφ(ks) is mediated by Ψ(∆)(k`) ≡ k∆` φ(k`), we see that at leading order in the squeezed
limit we need to include in the bias expansion the following operator, written in terms of the
Lagrangian coordinate q:
Ψ(∆)(q) =
∫
d3k
(2pi)3
k∆φ(k)eik·q . (4.3)
If we want to go beyond the squeezed limit, we need to take the expansion of Eq. (4.1)
to higher order, i.e. (focusing on the J = 0 case)
A0(ks, k`) = 4
+∞∑
n=0
a0,2n
(
k`
ks
)∆+2n
, (4.4)
where we let the sum run over even powers of k`/ks, since odd powers would correspond to
non-local couplings like, e.g., δh ∼
√
∂2ζ for ∆ = 0 and n = 1/2. From this we see that we
need to add the operators Ψ(∆+2),Ψ(∆+4), . . . to the bias expansion, with the corresponding
bias coefficients bΨ(∆+2n) . Moreover, spatial derivatives of these operators will be present as
well, i.e. we need to include operators like ∼ ∂2+2mΨ(∆+2n).
Let us now go back to the squeezed limit n = 0. Eq. (4.2) suggests a way to derive the
actual values of the bias coefficient bΨ(∆) : we need to include the modulation of the short
modes induced by the squeezed bispectrum in the initial small-scale density fluctuations,
follow the halo formation, and then compute the response of the halo number density to
variations in a0,0Ψ(∆). As we see from Eq. (4.2), for some infinitesimal a0,0Ψ(∆) =  the
rescaling of the initial δm(k) takes the form
δm(k)→
[
1 + 2k−∆
]
δm(k) . (4.5)
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Then, calling nh the average density of halos inside the patch over which the long mode is
slowly-varying (from now on we will follow the notation of [9]), the bias coefficient bΨ(∆) is
given by
bΨ(∆) =
∂ log nh
∂
∣∣∣∣
=0
. (4.6)
In the case of local-type non-Gaussianity (∆ = 0), this was explicitly verified using simulations
by [26, 66]. One can also straightforwardly extend this to higher orders in the squeezed limit,
i.e. compute bΨ(∆+2n) , by sending ∆ → ∆ + 2n in Eq. (4.5). Let us now assume that in the
Gaussian case the number density of halos depends on the small-scale power spectrum through
its variance on some scale R, that we take to be the Lagrangian radius R∗ = R∗(M) (where
M is the halo mass). Then, by dimensional analysis, we can expect that bΨ(∆+2n) ∼ R∆+2n∗ .
This can be seen explicitly if we consider the case of a universal mass function, i.e.
nh = nh(ρm, σ∗)
∣∣∣∣d log σ∗d logM
∣∣∣∣ , (4.7)
where ρm is the average matter density in the patch, and the variance over R∗ is defined as
σ2∗ =
∫
d3k
(2pi)3
W 2∗ (k)Pm(k) , (4.8)
with W∗(k) = 3j1(kR∗)/(kR∗) being the Fourier transform of a spherical top-hat filter with
radius R∗. Indeed, fixing for a moment n = 0, we can use the fact that under the trans-
formation of Eq. (4.5) the variance and the Jacobian J = |d log σ∗/d logM | transform as
σ2∗ →
[
1 + 2
σ2∗,−∆/2
σ2∗
]
σ2∗ , (4.9a)
J →
[
1 + 4
σ2∗,−∆/2
σ2∗
(d log σ2∗,−∆/2
d log σ2∗
− 1
)]
J , (4.9b)
where the generalized spectral moment σ2∗,p is defined as
σ2∗,p ≡
∫
d3k
(2pi)3
k2pW 2∗ (k)Pm(k) . (4.10)
Then, Eq. (4.6) becomes
bΨ(∆) =
[
bΨ(0) + 4
(d log σ2∗,−∆/2
d log σ2∗
− 1
)]σ2∗,−∆/2
σ2∗
, (4.11)
where bΨ(0) = bφ is the bias parameter quantifying the effect of local primordial non-Gaussia-
nity. The same procedure can be generalized to include orders beyond the squeezed limit as
well, again by sending ∆ → ∆ + 2n. Therefore, since the generalized spectral moment will
scale as (R∗)∆+2n, we find bΨ(∆+2n) ∼ R∆+2n∗ .
This result can be further specialized to the case of a mass function of the form
nh =
ρm
M
νcf(νc) J , (4.12)
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where f is an arbitrary function of the significance νc ≡ δc/σ∗ (with δc being the threshold
for spherical collapse).8 Indeed, we can now compute both b1 and bφ. As discussed in Section
2, b1 can be computed by taking a derivative with respect to ρm, i.e.9
bE1 = 1 + b1 =
∂ log nh
∂ log ρm
= 1− 1
σ∗
d log
[
νcf(νc)
]
dνc
. (4.13)
Using Eq. (4.6), instead, bφ becomes
bφ =
∂ log nh
∂
= 2
∂ log nh
∂ log σ∗
= 2δcb1 . (4.14)
We are now in position to discuss what happens in the case of resonant non-Gaussianity:
to have an idea of how the basis of operators should be augmented in this case, we need
to determine how the long mode modifies the small-scale power spectrum. Let us start
by considering the “ultra-squeezed” limit k`/ks  1/α, as opposed to the squeezed limit,
k`/ks  1. In this limit, the leading effect of the long mode on the short-scale power
spectrum is equivalent to that of equilateral non-Gaussianity, as we can see from the CFC
bispectrum of Eq. (3.8). That is, the small-scale power spectrum is modulated as in Eq. (4.2)
with ∆ = 2. However, things become more complicated as we take the long mode closer to
ks/α. As we see from Fig. 2, for ks  1/α < k` < ks the response of the small-scale power
spectrum to the long mode is made up of two contributions: a slowly-varying envelope and
an oscillatory part. The oscillations are linear in k`, and their frequency increases linearly
with α. Since the envelope is varying slowly with k`, we can imagine that it will be described
fully by an expansion of the form of Eq. (4.4). The same cannot be said about the oscillatory
part: for it we also have a superposition of modulations of the form of Eq. (4.4) (starting
from ∆ = 0), but the coefficients a0,2n are now of order α2n: correspondingly, in the bias
expansion we would have terms of the form
δh ⊃ bΨ(2n)α2nΨ(2n) ∝ bΨ(2n)α2n∂2nζ . (4.15)
Therefore, from Eq. (4.5) we conclude that the bias expansion loses all predictive power due to
the nontrivial behavior of the non-separable bispectrum in this model, since all terms beyond
the ultra-squeezed limit become equally important.10
8The significance quantifies how rare fluctuations above (1 + δc) are, given a RMS amplitude σ∗.
9Physically, there is a non-zero derivative because of the shifting of the threshold for spherical collapse due
to the long mode. In the separate universe with density ρm = ρm(1 + δ`), where δ` (called ∆ in Section 3
of [9]) is approximately uniform over the patch, a spherical perturbation will collapse when the total energy
density becomes equal to ρc = ρm(1 + δc) = ρm(1 + δc + δ`). An observer that can collect information from
multiple separate universes, instead, would associate to the different regions different collapse thresholds δc
such that ρc = ρm(1 + δc). From the two expressions for ρc one gets δc = δc − δ`. That is, in an overdense
region the threshold for spherical collapse is lowered, while an underdensity makes it larger.
10Notice that, as in the usual case, there will be also effects coming from the transfer function. We expect
them to still scale as powers of (k/keq)2, i.e. without an enhancement at large α, since they do not arise from
the expansion of the bispectrum in the squeezed limit.
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Figure 2: The squeezed bispectrum of Eq. (2.9) for α = 50 and k∗ = 5× 10−2 Mpc−1, inte-
grated over cos θ = kˆs · kˆ`, for fixed ks (top panel) and as function of (k`, ks) (bottom panel).
As we can see from Eqs. (3.2), (3.8), the bispectrum is periodic under k∗ → k∗ exp(2pin/α),
so we do not vary it in the plots. The two plots in the top panel have ks = 10−2 Mpc−1
(dashed lines represent negative values): we see that in the intermediate squeezing regime
the bispectrum in CFC (orange line) is similar to that in global coordinates (blue line). More
precisely, it oscillates linearly with k` with a frequency proportional to α, and has an envelope
(shown as the grey line in the second plot of the top panel) different from a simple power law.
For k` . ks/α (the red dotted lines show k` = ks/α) we start to see a difference between the
two bispectra, while for k`  ks/α the CFC one becomes ∝ k2`/k2s without oscillations in k`,
as shown in Eq. (3.8). The contour plot in the bottom panel shows the full angle-averaged
bispectrum for varying k` and ks (also here the red dotted line shows k` = ks/α): we again see
that in the ultra-squeezed regime k`  ks/α (upper-left corner of the plot) the response of the
small-scale power spectrum to variations in k` goes quickly to zero, and the only oscillations
are of the form cos(α log ks).
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However it is still possible to make some progress if we make the strong assumption
that halo formation is an exactly local function of the initial density field smoothed on the
single scale R∗. This happens, e.g., if we consider microscopic models of halo abundance:
in this case one makes a specific ansatz about how precisely the Lagrangian halo number
density depends on the statistics of the small-scale modes, and then assumes that the same
relation holds when primordial non-Gaussianity is included. Since now there is no restriction
to scales k  R−1∗ , this approach does not rely on expanding the primordial bispectrum in the
squeezed limit. We can think of this approach as a resummation of all the beyond-squeezed-
limit contributions discussed above. This will give rise to a scale-dependent correction ∆b1(k)
to the linear bias b1, i.e. b1 → b1 + ∆b1(k). For example, Ref. [67] derived this correction by
applying a conditional mass function approach (see [68, 69] for related, previous approaches).
The non-Gaussianity was taken into account by applying an Edgeworth expansion to the
Gaussian PDF of the density field. Stopping the Edgeworth expansion at the bispectrum
level, ∆b1(k) is given by
∆b1(k) =
[
b1δc +
∂ logF (3)∗
∂ log σ∗
]
2F (3)∗ (k)
M∗(k) . (4.16)
Here, the shape factor F (3)∗ is defined by (we drop the subscript ` on k3 = k` from now on)
F (3)∗ (k) = 1
4σ2∗Pφ(k)
∫
d3ks
(2pi)3
M∗(k1)M∗(k2)Bφ(k1, k2, k) , (4.17)
with k1 = ks − k/2, k2 = −ks − k/2, andM∗(k) is equal to
M∗(k) ≡M(k)W∗(k) , M(k) = 2
3
k2T (k)D1(z)
ΩmH20
. (4.18)
Notice that in Eq. (4.16) we can assume thatM∗(k) ≈M(k): this is a good approximation
as long as we look at correlations on scales k  1/R∗ (since we have W∗(k) ≈ 1 there).
Let us now investigate in more detail the meaning of Eqs. (4.16), (4.17). Using Eq. (4.17),
we can define the initial local variance-field of the small-scale density on the scale R∗ in the
presence of long-wavelength potential perturbations φ(k) as
σˆ2∗(q) ≡ σ2∗
[
1 +
∫
d3k
(2pi)3
F (3)∗ (k)φ(k)eik·q
]
. (4.19)
The meaning of this local variance can be better understood if we look at Eq. (4.2). Indeed,
σˆ2∗(q) is the integral of the local power spectrum Pφ(ks|q) over ks, weighted byM2∗(ks): that
is, we can write the local power spectrum as
Pφ(ks|q) =
[
1 +
∫
d3k
(2pi)3
F (3)∗ (k)φ(k)eik·q
]
Pφ(ks) . (4.20)
By comparing with Eq. (4.2), then, we see that the local power spectrum is now modulated
by the operator
∫
d3k
(2pi)3
F (3)∗ (k)φ(k)eik·q, which must be then included in the bias expansion.
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We also notice that, using Eqs. (4.1), (4.4) at leading order in the squeezed limit, we have
F (3)∗ (k) = 1
4σ2∗Pφ(k)
∫
d3ks
(2pi)3
M∗(k1)M∗(k2)Bφ(k1, k2, k)
≈ 1
4σ2∗Pφ(k)
∫
d3ks
(2pi)3
M2∗(ks)
[
4a0,0
(
k
ks
)∆
Pφ(ks)Pφ(k)
]
=
a0,0k
∆
σ2∗
∫
d3ks
(2pi)3
k−∆s W
2
∗ (ks)Pm(ks)
= a0,0k
∆
σ2∗,−∆/2
σ2∗
,
(4.21)
where ∆ = 2. That is, the additional operator
∫
d3k
(2pi)3
F (3)∗ (k)φ(k)eik·q becomes degenerate
with ∂2φ ∼ δm, as expected.
Then, let us go back to a bispectrum of the form of Eq. (4.1), and let us focus on the
leading order in the squeezed limit: then, the scale-dependent bias ∆b1(k) would be given by
(this is merely a rephrasing of δh ⊃ bΨ(∆)Ψ(∆))
∆b1(k)|∆ = a0,0bΨ(∆)k∆M−1(k) , (4.22)
where bΨ(∆) is given by Eq. (4.11) for a mass function of the form of Eq. (4.7). At higher
orders in the squeezed limit, we would have
∆b1(k)|∆+2n = a0,2nbΨ(∆+2n)k∆+2nM−1(k) . (4.23)
Therefore we see that the (scale-dependent) resummation of all the bias coefficients bΨ(∆+2n)
becomes
+∞∑
n=0
a0,2nbΨ(∆+2n)k
∆+2n = ∆b1(k)M(k) =
[
bΨ(0) + 4
(
∂ log
(
σ2∗F (3)∗ (k)
)
∂ log σ2∗
− 1
)]
F (3)∗ (k) ,
(4.24)
where F (3)∗ (k) is given by Eq. (4.17), and in the last equality we used Eq. (4.14). Ref. [67]
showed that, for separable bispectrum shapes and for halos following a universal mass func-
tion, the leading squeezed-limit prediction of Eq. (4.16) agrees with Eq. (4.11). Moreover,
Ref. [70] showed that this agreement also holds at the next-to-leading order in the squeezed-
limit expansion. Finally, a more detailed proof of Eq. (4.24) and description of the resumma-
tion procedure are collected in Appendix B.
After this discussion we can see that everything boils down to the integral of Eq. (4.17).
SinceM∗(ks) ∝ k2sj1(ksR∗), this integral has support mainly for ks & 1/R∗, which following
our assumptions is in the squeezed limit k  ks. Therefore we can use the CFC bispectrum
for φ: using Eq. (2.4), we see that it is related to that of ζ by
BFφ (k1, k2, k) =
(
−3(1 + w)
5 + 3w
)3
BFζ (k1, k2, k) , (4.25)
where we take w = 0 since we are interested in short modes that re-enter the Hubble radius
during matter dominance. Here the bispectrum BFζ (k1, k2, k), whose angle average is shown
in detail in Fig. 2, is given by Eq. (3.8).
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We now have all the ingredients to study the scale dependence of the halo bias in
resonant non-Gaussianity. In the next section we compute ∆b1 for varying dimensionless
frequency α, halo massM from 1011h−1M to 1016h−1M,11 and scale k from h 10−4 Mpc−1
to h 10−1 Mpc−1. Notice that for the separate universe picture to work the long mode k should
be outside the (sound) horizon during radiation dominance. Therefore, we should restrict
ourselves to k . keq. The corrections to the bispectrum that come by taking k shorter than
keq are captured by the transfer function at second order in perturbations. For Gaussian
initial conditions, these contributions to the bispectrum give rise to f locNL = O(1) (see [71] for
a computation). We neglect these contributions in the following since they arise from different
physics than inflation. The correction to the terms in the bispectrum proportional to f resNL
from second-order evolution during and after radiation dominance, instead, will be very small
and can be safely neglected. All plots will assume a flat ΛCDM cosmology with Ωb = 0.048,
Ωc = 0.258, H0 = 67.7 km s−1 Mpc−1, log(1010As) = 3.067, ns = 0.967, k∗ = 0.05 Mpc−1
[72]. We evaluate ∆b1 at z = 0, using the Sheth-Tormen mass function [73] to compute the
Gaussian bias b1 of Eq. (4.13) and the Eisenstein-Hu transfer function [74, 75] to compute
the linear matter power spectrum. Regarding the maximum value of α, we notice that a
practical constraint arises from the fact that, in the limit α  1, the bispectrum oscillates
rapidly and the numerical integration to obtain ∆b1 becomes difficult. For this reason, we
will go up to α = 20 in our numerical analysis (and, consistently with Fig. 1, we take
f resNL = 3× 10−4 × α2.63): as we will see in the next section, this is enough to estimate the
scaling of ∆b1 with k and α.
4.1 Results
We start from studying the dependence of ∆b1 on k at fixed halo mass M = 1016h−1M.
The top panel of Fig. 3 shows that, while for very long k the CFC transformation makes
the bias scale-independent (as opposed to ∆b1(k) ∼ k−2, which is the scaling obtained using
the bispectrum in global coordinates), it oscillates with k on smaller scales. As α becomes
larger, these oscillations begin at a longer k. We see that these oscillations eventually become
logarithmic in k, and have a frequency that increases linearly with α. We can also fit for the
envelope of the oscillations: as we see in the bottom panel of Fig. 3, the envelope is very well
approximated by
|∆b1(k)| ≤ f resNL
[
A˜
α4
+
B˜
α3/2
(
k
keq
)2]
, (4.26)
where A˜ and B˜ depend very weakly on α (the details of their dependence on α, together with
a plot of ∆b1 for α = 50, are shown in Appendix C). In practice, the constant contribution
∝ A˜/α4 to ∆b1(k) is absorbed in the Gaussian large-scale bias, and is thus unobservable.
Hence, the observable scale-dependent bias satisfies
|∆b1(k)|obs ≤
f resNLB˜
α3/2
(
k
keq
)2
, (4.27)
where B˜(α) oscillates around 2.7× 10−6.
11We compute the variation of the Jacobian in Eq. (4.16) using the chain rule:
∂ logF (3)∗
∂ log σ∗
=
∂ logF (3)∗
∂ logM
[
∂ log σ∗
∂ logM
]−1
.
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Figure 3: Top panel: non-Gaussian halo bias in global coordinates (blue line) and CFC (red
line) for α = 10 as a function of k at M = 1016h−1M, together with that for equilateral
non-Gaussianity (green line) for f equilNL = 1 [76, 67, 9]. The latter can be converted into the
prediction of single-field slow-roll models, for which f equilNL ∼ 10−2 [50], or that of P (φ,X)
theories with non-canonical speed of sound c2s 6= 1, that have f equilNL ∼ (1 − c2s )/c2s [27, 50].
Dashed lines indicate negative values of ∆b1. Bottom panel: ∆b1(k) in CFC for α = 20
and M = 1016h−1M, together with the fit of Eq. (4.26) (black dotted line). The vertical
line denotes the point at which the transfer function T (k), entering in the definition of ∆b1
throughM(k) in Eq. (4.16), starts to affect its scale dependence: from the bottom panel, we
see that for k/keq ≈ 10 this causes the scaling of the non-Gaussian bias to slightly deviate
from ∼ k2.
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Figure 4: Non-Gaussian halo bias correction in CFC as a function of halo mass for k =
h 10−3 Mpc−1 (top panel) and k = h 10−2 Mpc−1 (bottom panel): we see that taking k near
to keq ≈ 10−2 Mpc−1 substantially diminishes the amplitude of the oscillations. However, we
see that in both cases the envelope of the oscillations is an increasing function of the halo
mass: comparing with the green lines, we see that the bias increases with M faster than
equilateral non-Gaussianity. Notice that in these plots we normalize f equilNL to match ∆b1 at
M = 1011h−1M, in order to better compare the dependence on the halo mass. A more
precise discussion is presented in Section 4.2.
Then, we revisit the dependence of the non-Gaussian bias on the halo mass: in [48] it
was shown that on large scales the resonant non-Gaussianity bispectrum of Eq. (3.2) predicts
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a strong oscillatory dependence onM of the halo bias, over a broad range of masses. In Fig. 4
we see that such behavior was mainly due to the unphysical contribution from the consistency
relation: if the CFC bispectrum of Eq. (2.9) is used to compute ∆b1, the oscillations with M
are suppressed. Increasing α, however, causes the modulation with M to show up over the
whole range 1011h−1M ≤M ≤ 1016h−1M. For k ≈ keq, we see that the amplitude of the
oscillations with M becomes much smaller. Nevertheless, we confirmed numerically that the
contribution to ∆b1 coming from the effect of the long mode on the Jacobian |d log σ∗/d logM |,
i.e. the second term in the square bracket of Eq. (4.16), is always dominant over the one coming
from the rescaling of the threshold for spherical collapse (i.e. the term b1δc in Eq. (4.16)).
There is an additional parameter in the resonant bispectrum of Eq. (3.2) that we can
vary, i.e. the pivot scale k∗. As it is clear from Eqs. (3.2), (3.8), there is periodicity in the
non-Gaussian bias under k∗ → k∗ exp(2pin/α): More precisely, ∆b1 changes sign for k∗ →
k∗ exp(pin/α). We have checked that the numerical result reproduces the expected periodicity.
Besides, we have checked that changing the pivot scale within the range
[
k∗, k∗ exp(pi/(2α))
]
does not lead to quantitative differences in the overall amplitude of ∆b1 or in its dependence
on k. We conclude by noting that varying k∗ corresponds to considering an additional phase
ϕ in Eq. (3.1), i.e.
V (φ) = V0(φ) + Λ
4 cos
(
φ
f
+ ϕ
)
. (4.28)
Indeed, the calculation of [31], that has been carried out for ϕ = 0, shows that the trigono-
metric functions appearing in the bispectrum have as argument φkt/f , where kt ≡
∑3
i=1 ki
and φk = φ∗−
√
2ε∗ log(k/k∗) is the value of the field when the mode of momentum k crosses
the Hubble radius. Up to slow-roll corrections, then, we can map those results to the generic
potential of Eq. (4.28) by replacing k∗ with k∗ exp (ϕ/
√
2ε∗).
4.2 Observational prospects
The most relevant result of the previous section is the dependence of ∆b1 on k: while in
global coordinates the scaling is indistinguishable from that of local non-Gaussianity, once
the unphysical contribution from the consistency relation is subtracted, the bias shows a
strong oscillatory behavior, with frequency of oscillations ∝ α (as seen in the bottom panels
of Figs. 3, 6). This behavior is radically different from all the types of primordial non-
Gaussianity considered in the literature, and it can potentially make searches of resonant
non-Gaussianity in the halo bias a powerful complement to the current bounds from the
CMB: indeed, CMB data have a strong constraining power mainly for low values of α.
We now carry out an approximate, simple forecast of the detectability of the non-
Gaussian bias. First, note that the 1σ error on f resNL, for a fiducial value of f
res
NL = 0 and
keeping all other parameters including b1 fixed, is given by12
σ2(f resNL) =
∑
k
(
∂Ph(k)
∂f resNL
)−2
σ2[Ph(k)] ≈
∑
k
(
∂∆b1(k)
∂f resNL
)−2 σ2[Ph(k)]
[2Ph(k)/b1]2
, (4.29)
12At linear order, and neglecting effects such as redshift-space distortions and shot noise which do not
depend on f resNL, we can write Ph(k) = [b1 + ∆b1(k)]2Pm(k). Then, the derivative with respect to f resNL at
f resNL = 0 becomes
∂Ph(k)
∂f resNL
=
∂∆b1(k)
∂f resNL
∂Ph(k)
∂∆b1(k)
≈ ∂∆b1(k)
∂f resNL
2b1Pm(k) ≈ ∂∆b1(k)
∂f resNL
2Ph(k)
b1
.
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where the sum runs over all wavenumbers observable in the survey (up to some kmax), Ph(k) is
the fiducial halo power spectrum, and σ2[Ph(k)] is its variance which is due to cosmic variance
and shot noise. It is then clear that the detection threshold for f resNL from the scale-dependent
bias ∆b1(k) can be roughly estimated using its envelope in Eqs. (4.26), (4.27). That is, the
detection significance is not increased by the presence of the oscillations. This allows us
to carry out a quick forecast on the detectability of the non-Gaussian bias by matching its
scale-dependence to that of equilateral non-Gaussianity.
Let us be more precise: in equilateral non-Gaussianity, while on very large scales the
bias is scale-independent, as we take k close to keq some scale dependence arises due to the
transfer function. Consider the bispectrum of equilateral non-Gaussianity, i.e.
Bequilζ (k1, k2, k3) = 6f
equil
NL
[−Pζ(k1)Pζ(k2)− 2 perms.− 2(Pζ(k1)Pζ(k2)Pζ(k3))2/3
+ Pζ(k1)
1/3Pζ(k2)
2/3Pζ(k3) + 5 perms.
]
,
(4.30)
and let us focus on the leading order in the squeezed limit, i.e. Eq. (4.4) for n = 0. We see
that ∆ = 2 and a0,0 = −10f equilNL /3. We can then use Eqs. (4.10), (4.11), (4.22) to compute
∆b1(k)|∆=2, which is plotted as a green line in the top panel of Fig. 3 and in Fig. 4. Expanding
the inverse transfer function in powers of k/keq, the scale dependence takes the form
∆b1(k)|∆=2 = −5f
equil
NL ΩmH
2
0 bΨ(2)
T (k)D1(z)
≡ f equilNL
[
Aequil +Bequil
(
k
keq
)2
+ . . .
]
. (4.31)
While the constant part is completely degenerate with b1, we see that the scale dependence
due to the transfer function is suppressed by keq, and not by R∗ as it happens for higher-
derivative biases (i.e. δh ⊃ b∂2mδm∂2mδm) or for beyond-squeezed-limit contributions from
Eq. (4.4). Therefore the degeneracy between these different contributions can be broken if
the scale dependence at k & keq can be measured with sufficient precision, since the different
scales R∗ and keq can be disentangled [65, 9]. This has been used in [5] to show that, with
optimistic assumptions, future surveys could obtain σ(f equilNL ) = O(102) from constraints on
the galaxy power spectrum.
Our goal, then, is to translate our fit of Eqs. (4.26), (4.27) to an “equivalent” fˆ equilNL by
matching the scale-dependent parts of Eqs. (4.26), (4.31). That is, we define fˆ equilNL as
fˆ equilNL =
B˜
Bequil
f resNL
α3/2
. (4.32)
We do this matching at M = 1016h−1M and z = 0.13 This is a conservative choice, since
from Fig. 4 we see that the bias in resonant non-Gaussianity increases with mass faster than
in equilateral non-Gaussianity. Doing the matching at M < 1016h−1M would then result
in a smaller fˆ equilNL , since the ratio B˜/Bequil will be smaller. Recalling that B˜ ≈ 2.7× 10−6 for
M = 1016h−1M, and using the result of Fig. 1 for f resNL, we see that
fˆ equilNL ≈ 1.7× 10−4α1.13 . (4.33)
The equivalent f equilNL becomes of order 0.5 for α = e
7 ≈ 1.1× 103 (i.e. the maximum value
considered in the Planck analysis): from this, we can conclude that measurements of the
13The choice of redshift does not matter, since Eqs. (4.16), (4.22) scale with z in the same way.
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galaxy power spectrum from upcoming surveys will be unable to improve the CMB bounds
on resonant non-Gaussianity, since future surveys can only achieve σ(f equilNL ) = O(102) [5].
Finally, let us comment on the relevance of the oscillations. As we discussed in Sec-
tion 4.1, at small scales k & keq the bias oscillates logarithmically with scale, i.e. ∆b1 ∼
cos(α log k). If a scale-dependent bias due to resonant non-Gaussianity were to be detected,
these oscillations would provide a very precise constraint on α, if multiple oscillations can be
measured. Notice, however, that the experimental resolution in k is given by ∆k = 2pi/Lsurvey,
where Lsurvey is the typical comoving size of the survey considered: therefore, for loga-
rithmic oscillations the relevant resolution is ∆k/k = 2pi/(kLsurvey), which saturates to
(∆k/k)|max = 2pi/(kmaxLsurvey), where kmax is the maximum wavenumber accessible by the
survey. If α pi/(∆k/k)|max, it is not possible to resolve the oscillations.
5 Cosmological colliders
We now move to the study of cosmological colliders models. We start by deriving the CFC
bispectrum, and then we compute the bias ∆b1 following the approach of Section 4.
5.1 CFC bispectrum and bias expansion
In [38], the coupling of massive spinning fields to the inflaton has been studied using the
framework of the Effective Field Theory of Inflation. Consider for example a totally sym-
metric, traceless and massive spin-s field σµ1...µs . After the Stückelberg trick, operators like
(δg00)n(σ0...0)m couple the Goldstone boson of broken time diffeomorphisms pi to σµ1...µs . In
order for the massive field to contribute to the scalar three-point function at tree level, a
quadratic mixing δg00σ0...0 is needed. This affects the linearized equation of motion for the
massive field: for masses much larger than Hubble, where we can integrate it out, we get
additional local self-interactions of the Goldstone pi, suppressed by powers of /m2. While
for s 6= 0 they are not completely degenerate with the standard self-interactions of pi (since
they still carry information on the spin of the integrated-out particle through the derivative
structure), the information about the mass of the particle is lost since the mass dependence
becomes degenerate with the coupling constant. Moreover, since they are local interactions,
they give rise to bispectra which are analytic in Fourier space. Integrating out the massive
field does not capture, however, all the effects: indeed, particles can be spontaneously cre-
ated in a time-evolving background, an effect which cannot be represented by adding a local
vertex to the effective Lagrangian [37]. The resulting bispectra, then, have a non-analytic
dependence on momenta. In the following, we focus on this non-analytic shape: we refer to
[77] (see e.g. their Appendix C) for a forecast that includes both local and non-local effects.
For a given spin s and mass m, the non-analytical scalings in the squeezed limit take
the form [37, 38]
lim
k3k1∼k2
Bζ(k1, k2, k3) ⊃ Csf
(s)
(2pi2)2∆ζ
[(
k3
k1
) 3
2
Ls(kˆ1 · kˆ3) cos
(
µs log
k3
k1
+ φs
)]
Pζ(k1)Pζ(k3)
+ k1 → k2 ,
(5.1)
where ∆ζ =
√As. We defined µs =
√
(m/H)2 − (s− 1/2)2 ≥ 0 for s 6= 0: a minimally
coupled scalar σ0 has µ0 =
√
(m/H)2 − (3/2)2. The phase φs and the factor f (s) (which
gives the overall Boltzmann suppression) are uniquely fixed in terms of s, µs, and the speed
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of sound cpi of the Goldstone boson of broken time diffeomorphisms (we follow the notation
of [38] for the speed of sound). Cs, instead, depends on the strength of the quadratic mixing
between pi and the spinning fields, and what kind of cubic vertex one is considering in the
interaction Hamiltonian [38].
From Eq. (5.1) we see that the spin gives an effect non-degenerate with the mass only
through the overall Legendre polynomials: since the bias is sensitive only to the angle-averaged
squeezed bispectrum we focus on zero spin (observables that are sensitive to the angular
dependence of the primordial squeezed bispectrum are, for example, galaxy shapes [78, 79],
galaxy alignments [80] and, in general, the galaxy bispectrum [65, 77]). The functions f (s)
and φs, for s = 0, take the form [49]
f (0) =
pi3
2
∣∣∣∣1 + i sinh(piµ)cosh(piµ) Γ(−iµ)Γ(1/2− iµ)
∣∣∣∣×

−pi
3/2
8
(1 + 4µ2) sech(piµ) for cpi = 1 ,
−Γ
(
3
4
− iµ
2
)
Γ
(
3
4
+
iµ
2
)
for cpi  1 ,
(5.2a)
φ0 = arg
(
pi3
2
1 + i sinh(piµ)
cosh(piµ)
Γ(−iµ)
Γ(1/2− iµ)
)
− µ log(4cpi) , (5.2b)
where we called µ0 ≡ µ (not to be confused with the notation for kˆs · kˆ` usually employed in
the literature) and we allowed for the possibility of a small speed of sound cpi  1, investigated
in [38]. The amplitude C0, instead, will be a function (at leading order in derivatives) of the
coefficient of δg00σ and of the coefficients of the operators (δg00)2σ, δg00σ2, and σ3 (depending
on what cubic vertex in the interaction Hamiltonian one is considering).
Given the squeezed bispectrum of Eq. (5.1), we can ask what happens once we switch to
CFC and how we can relate it to the initial conditions for the Newtonian potentials at Hubble
re-entry (i.e., what are the differences, if any, with the results of Section 2). As long as the
mass of the additional fields is different from zero, the consistency relation is satisfied by
the global bispectrum and the curvature perturbation ζ becomes a constant on super-Hubble
scales (this has been shown in many works: see [35, 36, 38] for details). In this case, then,
the results of Appendix A will apply. However, we still need to compute the CFC squeezed
bispectrum in order to make use of Eq. (A.9).
The change from global coordinates to CFC involves both spatial and time coordinates,
since the conformal time of comoving observers is not the same as that of the CFC ones. For an
isotropic long mode, the spatial coordinate change just gets rid of the consistency condition
in the global bispectrum, as discussed in Section 2. However, even if slow-roll suppressed
contributions are neglected, the change in the time coordinate leads to a contribution to
the CFC bispectrum proportional to the time derivative of the short-scale power spectrum.
In the single-field case this contribution is trivially zero at late times. In the cosmological
collider case the operator δg00σ couples ζ = −Hpi and σ at quadratic level, modifying the
time-dependence of the short-scale power spectrum with respect to the single-field case: it is
then important to check whether this modification leads to additional terms appearing in the
CFC bispectrum, or if it also vanishes at late times. Here we show that, as long as σ has a
non-zero mass, this contribution vanishes.
The modification to the short-scale curvature perturbation coming from the change of
the time coordinate η = ηF +ξ0` (ηF , q), where ξ
0
` (ηF , q) starts at first order in the long modes,
takes the form
ζFs (η, q) = ζs(η, q)−
∂iξ
0
` (η, q)∂iζs(η, q)
3H + ξ
0
` (η, q)∂0ζs(η, q) , (5.3)
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where we have neglected slow-roll-suppressed terms and we have dropped the F subscript on
the time coordinate. Let us now focus for simplicity only on the last term on the right-hand
side of Eq. (5.3): neglecting the second term will not change our conclusions, since its time-
dependence is qualitatively the same as the last term. Without loss of generality, we can
expand the long-wavelength ξ0` (η, q) in a Taylor series in q around 0: it then takes the form
(we drop the subscripts ` and s to simplify the notation)
ξ0(η, q) = ξ0(η,0) +A0i (η) q
i +B0ij(η) q
iqj + C0kij(η) q
iqjqk . (5.4)
The uniform shift ξ0 is constructed from the local Hubble rate HF = ∇µUµ/3, where Uµ
is the CFC observer, and the large-scale velocity divergence ∂iV i (see e.g. Appendix A of
[50]). The coefficients A0i , B
0
ij and C
0
kij are also constructed from the long-wavelength metric
evaluated at q = 0: for example, we have that A0i is equal to Vi − ∂iζ/H up to slow-roll
suppressed terms, while B0ij contains ∂0ζδij , ∂i∂jζ/H, and ∂kV kδij .
When computing the effect of the coordinate change on the short-scale power spectrum
it is straightforward to see that, since 〈ζ(η, q1)∂0ζ(η, q2)〉 = 〈∂0ζ(η, q2)ζ(η, q1)〉 for q1 6= q2,
only ξ0 and B0ij will contribute if we take the origin of spatial coordinates to lie at the middle
point (q1 + q2)/2. The final result is given by
〈ζF ζF 〉 (η, r) = 〈ζζ〉 (η, r) + ξ0(η,0)∂0 〈ζζ〉 (η, r) + 1
4
B0ij(η)r
irj∂0 〈ζζ〉 (η, r) , (5.5)
where we defined r ≡ q1−q2, with |r| = r. Once we go to Fourier space and correlate Eq. (5.5)
with the long mode, powers of ri turn into derivatives of the short-scale power spectrum with
respect to ks: therefore they will not play an important role in this discussion.14 Eq. (5.6) tells
us that, if we are interested in the time dependence of the final result, we need to compute
how the two terms
Pζξ0(η, k`)∂0Pζ(η, ks) , PζB0ij
(η, k`)∂0Pζ(η, ks) , (5.6)
behave for η → 0−, with PXY (η, k) denoting the correlation function 〈X(η,k)Y (η,k′〉′. The
calculation is carried out in detail in Appendix D: there it is shown how the two terms of
Eq. (5.6) have a time dependence ∼ (−kη)3/2−ν as η → 0−, where ν ≡ iµ. Therefore as long
as m > 0 (i.e. ν < 3/2) they go to zero at late times, and do not affect the CFC bispectrum.
If we take ν = 3/2, instead, σ becomes massless and does not decay on super-Hubble scales.
The mixing between ζ and σ continues indefinitely after Hubble exit and the power spectrum
of ζ does not go to a constant, but diverges as log(−kη) for η → 0−.
Let us now briefly discuss how the bias expansion is augmented in presence of non-
Gaussianity due to a massive spin-0 mediator. Recall that the spin gives an effect non-
degenerate with the mass only through the Legendre polynomials Ls(kˆ1 · kˆ3), Ls(kˆ2 · kˆ3), and
that halo bias is only sensitive to the monopole of the primordial bispectrum in the squeezed
limit. Thus, we can again focus on zero spin. At leading order in the squeezed limit, we see
14More precisely, we have that (schematically)
rirj → ∂
2
∂kis∂k
j
s
∼ k
i
sk
j
s
k4s
d
d log ks
,
so that in principle the term involving B0ij(η) could correct the CFC bispectrum at order k2`/k
2
s . Therefore,
it is important to check what is the time dependence of this term as well.
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that the bispectrum of ζ takes the form15
Bζ(k1, k2, k3) ∝ cos
(
µ log
k`
ks
)(
k`
ks
) 3
2
Pζ(ks)Pζ(k`) , (5.7)
where we have dropped the phase φ0 for simplicity since it does not play a role in this
discussion. We can then see how the situation is very different from the one described at the
beginning of Section 4. In this case, the bispectrum shows logarithmic oscillations with k`,
of frequency µ: it cannot be represented by a series like that of Eq. (4.4), then, unless the
parameter ∆ is a complex number. Indeed, we can rewrite Eq. (5.7) as
Bζ(k1, k2, k3) ∝
[(
k`
ks
) 3
2
+iµ
+
(
k`
ks
) 3
2
−iµ]
Pζ(ks)Pζ(k`) . (5.8)
Therefore we see that if we allow for complex scalings ∆ it is possible to have full control on
the bias expansion even if all the operators Ψ(∆+2n) are included, since all the oscillations are
effectively resummed for any value of µ. Correspondingly, it is still possible to derive the bias
coefficients bΨ(∆+2n) using the response approach of Eqs. (4.5), (4.6), and their specialization
to a universal mass function given by Eq. (4.11), at any order in the squeezed limit.
In the rest of this work, however, we will not use this approach: in order to better
compare with the results of [49], we use the resummation of Eq. (4.16) to compute the
non-Gaussian bias ∆b1(k). By doing this, we are also resumming the contributions due to
the transfer functions acting on the short-scale perturbations: indeed, Eq. (4.10) assumes
k1 ∼ k2 ∼ ks. As in Section 4, we assume a Sheth-Tormen mass function and fix z = 0.
Given that, as we discussed above, the only effect of the transformation to CFC is that of
removing the consistency relation, our analysis will be very similar to that of [49]. The main
differences in our computation of ∆b1 are that we use the full bispectrum of Eq. (5.1) (and not
only its ultra-squeezed version with k1 = k2 = ks), and we do not impose a cut-off ks/k` ≥ 10
in the integral of Eq. (4.17).
5.2 Results
We consider the cases µ = 1 and µ = 5: for each value of µ we show both the case with
cpi = 1, and the case with cpi = 0.024 (that we call cpi  1 in the plots), i.e. the smallest
value currently allowed from Planck [60]. The requirement of having a valid perturbative
treatment of primordial non-Gaussianity implies Cs < 1 [38]. In our analysis, following [49],
we will take Cs = 1: the results can be quickly translated to different values of Cs by a simple
rescaling. Since for µ 1 the overall factor f (0) is
f (0) =

−pi
9/2µ3/2e−piµ
2
for cpi = 1 ,
−pi
4e−
piµ
2√
2
for cpi  1 ,
(5.9)
the signal for the µ = 5 case will be much smaller than the µ = 1 one. However, it is also
important to stress that high values of µ lead to faster oscillations of the bispectrum with
log(k`/ks), so that it is worth studying how they are imprinted on both the scale dependence
of the halo bias and its dependence on the halo mass.
15At this order in k`/ks, higher spins will show a scale dependence ∼ (k`/ks)3/2+s [38, 49].
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Figure 5: Dependence of ∆b1 on k at M = 1013h−1M (top panel) and M at k =
h 10−3 Mpc−1 (bottom panel). We see that, as expected, ∆b1 ∼ 1/
√
k on large scales: due to
the transfer function, departures from this scaling are seen at k ∼ keq. While for µ = 1 the
dependence on the halo mass is very mild, for µ = 5 oscillations with M can be seen at large
halo masses M & 1014h−1M.
The top panel of Fig. 5 shows that the overall scale dependence of the non-Gaussian
bias is ∼ 1/√k, as we expect from Eq. (5.1). The oscillations with k, instead, take the form
∆b1 ∼ cos(µ log k). Oscillations with M are also present: this is shown by the bottom panel
of Fig. 5. We see that such oscillations become more relevant for increasing halo mass and for
increasing mass of the particles coupled to the inflaton, thereby offering an alternative way
to constrain these heavy fields.
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Finally, we comment on the impact of imposing a cut-off ks/k ≥ 10 in the integral of
Eq. (4.17). In this case, we take the same values forM and µ as [49], i.e.M = 3× 1013h−1M,
µ =
√
3/2. We find that the relative difference between the calculation of ∆b1(k) with and
without cutoff is an increasing function of k. While it is smaller than 10−3 for k ≈ 10−4 Mpc−1,
it becomes of order 1 for k ≈ 10−2 Mpc−1.
6 Conclusions and discussion
In this paper, we discussed the scale-dependent contribution to halo clustering from resonant
non-Gaussianity, which arises from string theory-motivated models like axion monodromy.
Working in Conformal Fermi Coordinates, we emphasized the importance of accounting for
gauge artifacts: we find that resonant non-Gaussianity makes predictions for the scale depen-
dence of the bias that are very different from the ones computed in [48], where the unphysical
contribution from the consistency relation was taken into account. We see that ∆b1 oscillates
strongly with scale, with an envelope similar to that of equilateral non-Gaussianity. More
precisely, the envelope of the oscillations is equivalent to having f equilNL ≈ 0.6f resNL/α3/2.
Since increasing α leads to faster oscillations with both k and halo mass, the scale-
dependent bias could in principle offer a window on a region of parameter space where CMB
constraints (that come mainly from the power spectrum) are weaker. However, we show that
measurements of the galaxy power spectrum from upcoming surveys will not be able to detect
the non-Gaussian bias, even for optimistic values α = O(103).
As a second example of primordial bispectrum with oscillatory features, we considered
the case of “cosmological collider” models, in which the inflaton is coupled with massive
particles of spin s and mass m. We have shown that, also in these models, the only effect of
switching to Conformal Fermi Coordinates after averaging over angles is that of removing the
O(k0`/k0s) term in the squeezed limit (i.e. the consistency relation). Therefore, our conclusions
for the scale dependence of the bias agree with the previous literature like, for example, [49]
(that carried out detailed forecasts for the s = 0, s = 1 and s = 2 case). Finally we show
that, analogously to what happens in resonant non-Gaussianity, also in these models the bias
oscillates with the halo mass, with oscillations becoming stronger with increasing particle
mass m.
As a byproduct of this work, we have derived the link between the short-scale power
spectrum of ζ in the background of the long mode during inflation, and that of the Newtonian
potentials φ and ψ at early times during the Hot Big Bang phase, in the background of the
same long mode. This makes use of Conformal Fermi Coordinates [21, 22], and has been
obtained for an isotropic long mode: in this case, CFC make explicit that the short modes
evolve in a separate FLRW universe, and considering an isotropic long mode is enough to
compute all the LIMD (“local-in-matter-density”) biases [9]. However, it would be interesting
to provide the connection between ζ and {ψ, φ} also in the case where large-scale tidal fields
are present at least for two reasons. First, it would allow to generalize the initial conditions
for separate universe simulations [24, 25, 26], which have recently begun to include large-
scale tidal fields and not only modifications to the homogeneous and isotropic FLRW [81],
to include an anisotropy in the initial power spectrum coming from mode coupling during
inflation. Then, as discussed in the main text, we know that if massive higher-spin fields
are coupled to the inflaton the bispectrum of ζ acquires a peculiar dependence on kˆs · kˆ` in
the squeezed limit, depending on the spin of the massive particle [37, 38]. By considering an
isotropic long mode we are effectively averaging over kˆs · kˆ`, so that we are oblivious to such
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effects, which can for example affect galaxy shapes (as shown in [78, 79]) and, in general, the
galaxy bispectrum [65, 77]. While these effects coming from the “non-linear” relation between
ζ and {ψ, φ} will be analytic in k`/ks, characterizing them can still be important if one wants
to carry out forecasts for future surveys. We leave this to future work.
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A Initial conditions from CFC: single-clock inflation
In this appendix we describe how to match the calculation of [50] to that of [22]. We consider
an isotropic long mode, so that the CFC background metric is that of a curved FLRW universe.
Since we can follow the CFC patch from Hubble exit to Hubble re-entry of the short modes,
we just need the linear relation between ζFs during inflation (of which we know the power
spectrum) and, say, some quantity like the Newtonian potentials φFs , ψFs . For the sake of
simplicity, in the rest of this appendix we will drop the superscript F and the subscript s and
we work in Planck units 8piGN = M−2P = 1.
Let us be more precise: following [22], the Newtonian potentials in CFC are defined by
ds2 = a2
[
−(1 + 2φ)dη2 + (1− 2ψ)dx
2
(1 +K|x|2/4)2
]
. (A.1)
The equations for the evolution of φ, ψ and the small-scale density and velocity perturbations
(δ and vi) for non-relativistic pressure-free matter have been also derived in [22] (see Eqs. (5.8)
there). In order to solve these equations the initial conditions for φ, ψ, δ and vi at early times
η → 0 are needed. The initial density and velocity perturbations can be expressed in terms
of the initial Newtonian potentials, so it is enough to know φ|ini and ψ|ini: these contain
the coupling to K that comes from the inflationary dynamics (encoded in the CFC power
spectrum of ζ). In the following, we compute these initial conditions.
Recall that, in a curved FLRW background, the curvature perturbation16 on constant
energy hypersurfaces, i.e.
ζud ≡ A− Hδρ
ρ′0
, (A.2)
is gauge-invariant at linear order in perturbations and is conserved outside the sound horizon.
Here A, in a general gauge, is defined by [82]
gij =
a2(1 + 2A)δij(
1 + K|x|
2
4
)2 + 2∂ˆi∂ˆjB , (A.3)
16In this appendix we are using a potentially confusing notation: we indicate by ζ the curvature pertur-
bations on comoving hyperslices, as in [18], while we use ζud for curvature perturbations on uniform density
slices.
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where we have considered only scalar perturbations and ∂ˆi denotes the covariant derivative
on a three-sphere/three-hyperboloid. ρ0 and δρ, instead, are defined from the stress-energy
tensor as T 00 = −(ρ0 + δρ).
The calculation of the CFC power spectrum for the short modes during inflation is done
in unitary gauge, i.e. B = 0 and an unperturbed inflaton (δφ = 0). Let us consider for
simplicity the case of minimal slow-roll inflation, where higher-derivative operators in the
inflaton+gravity action are turned off. The same conclusions will apply in general to models
that are described by the EFT of Inflation [83]. By its fully non-linear definition, ζ is simply
A in unitary gauge. Moreover, ζ is conserved when all the modes exit the Hubble radius
during inflation [18], and its power spectrum (and the coupling with the CFC curvature K)
at late times is known [50]. T 00 , instead, is equal to
T 00 = −(ρ0 + δρ) = −
(
3K
a2
+
3H2
a2
− 2εH
2δN
a2
)
, (A.4)
where g00 = −a2(1 + 2δN), ε = −H˙/H2 and we work at leading order in curvature. The
solution for δN comes from the shift constraint equation: its expression at leading order in
K is given by
δN =
ζ ′
H +
Kχ
H , (A.5)
where ∂iχ is defined in Eq. (2.8b). It is then straightforward to see that Eq. (A.2) becomes
ζud = ζ − εH
2δN
3(K + εH2) , (A.6)
which goes to ζ for super-Hubble modes (i.e. for η → 0+ in a decelerated universe).
We can now compute φ|ini, ψ|ini by working in Newtonian gauge, i.e. using Eq. (A.1).
The lapse constraint equation for a perfect fluid, at first order in perturbations on a curved
FLRW background, reads
2∂ˆ2ψ
a2
+
6Kψ
a2
− 6Hψ
′
a2
− 6H
2φ
a2
= δρ , (A.7)
where we have again stopped at first order in the curvature K and by ∂ˆ2 we indicate the
Laplacian on the three-sphere/three-hyperboloid. This allows to express δρ in terms of ψ = φ,
so that Eq. (A.2) becomes
ζud = −ψ + H∂ˆ
2ψ + 3HKψ − 3H2ψ′ − 3H3ψ
3KH+ 3εH3 . (A.8)
On super-Hubble scales (η → 0+ for a decelerated universe), −3H3ψ and 3εH3 dominate in
the second term on the right-hand side of the above equation, and we arrive at
(ζud)|super-Hubble = −
(
1 +
1
ε
)
ψ = − 5 + 3w
3(1 + w)
ψ , (A.9)
i.e. we find Eq. (2.4). At early times, the corrections of the long mode to the expansion
history go to zero [22, 50],17 so no additional coupling between the long and the short modes
will come from w. That is, we can simply take w = 1/3 if the short modes re-enter the Hubble
radius during radiation dominance, or w = 0 if they re-enter during matter dominance. More
precisely, taking w = 0 gives the initial conditions for Eqs. (5.8) of [22].
17See Eq. (3.18) of [22] and Appendix A of [50] for a more detailed discussion.
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B Details on the resummation of non-Gaussian biases
In this appendix we present a more detailed proof of Eq. (4.24). First, let us expand Eq. (4.21)
to higher orders in the squeezed limit. Using Eqs. (4.1), (4.4), we find
F (3)∗ (k) = 1
4σ2∗Pφ(k)
∫
d3ks
(2pi)3
M∗(k1)M∗(k2)Bφ(k1, k2, k)
≈ 1
4σ2∗Pφ(k)
∫
d3ks
(2pi)3
M2∗(ks)
[
4
+∞∑
n=0
a0,2n
(
k
ks
)∆+2n
Pφ(ks)Pφ(k)
]
=
+∞∑
n=0
a0,2nk
∆+2n
σ2∗
∫
d3ks
(2pi)3
W 2∗ (ks)Pm(ks)
k∆+2ns
=
+∞∑
n=0
a0,2nk
∆+2n
σ2∗,−∆/2−n
σ2∗︸ ︷︷ ︸
≡ yn
,
(B.1)
where we defined σ2∗,−∆/2−n/σ
2∗ ≡ yn for simplicity (since it will appear often in the following
computations). Then, let us also define
xn ≡
∂ log σ2∗,−∆/2−n
∂ log σ2∗
=
∂ log(σ2∗yn)
∂ log σ2∗
. (B.2)
With this definition, we have that Eq. (4.11) (and its generalization to arbitrary n) becomes
bΨ(∆+2n) =
[
bΨ(0) + 4(xn − 1)
]
yn , (B.3)
where bΨ(0) = bφ. Consequently, the left-hand side of Eq. (4.24) becomes
∆b1(k)M(k) =
+∞∑
n=0
a0,2nbΨ(∆+2n)k
∆+2n =
+∞∑
n=0
a0,2n
[
bΨ(0) + 4(xn − 1)
]
ynk
∆+2n . (B.4)
Let us start by neglecting the terms coming from the Jacobian, i.e. putting xn = 0. We
have to compare Eq. (B.4) with the right-hand side of Eq. (4.24), i.e.
∆b1(k)M(k) =
[
bΨ(0) + 4
(
∂ log
(
σ2∗F (3)∗ (k)
)
∂ log σ2∗
− 1
)]
F (3)∗ (k) . (B.5)
To do this, using Eq. (B.1) we write
∂ log
(
σ2∗F (3)∗ (k)
)
∂ log σ2∗
− 1 = 1
F (3)∗ (k)
∂F (3)∗ (k)
∂ log σ2∗
=
1
F (3)∗ (k)
[ +∞∑
n=0
a0,2nk
∆+2n ∂yn
∂ log σ2∗
]
=
1
F (3)∗ (k)
[ +∞∑
n=0
a0,2nk
∆+2nyn
(
∂ log(σ2∗yn)
∂ log σ2∗
− 1
)]
=
1
F (3)∗ (k)
[ +∞∑
n=0
a0,2nk
∆+2nyn(xn − 1)
]
.
(B.6)
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If we assume xn = 0, using Eq. (B.1) we see that this is equal to
∂ log
(
σ2∗F (3)∗ (k)
)
∂ log σ2∗
− 1 = − 1
F (3)∗ (k)
+∞∑
n=0
a0,2nk
∆+2nyn = −1 , (B.7)
so that Eq. (B.5) becomes
∆b1(k)M(k) = (bΨ(0) − 4)F (3)∗ (k) =
+∞∑
n=0
a0,2n(bΨ(0) − 4)ynk∆+2n . (B.8)
Using Eqs. (B.3), (B.4) with xn = 0, we see that Eq. (4.24) holds.
Things are more complicated if we do not assume xn = 0. Eq. (4.24) must be checked
order by order in k. If we stop at n = 0, the agreement is trivial. Let us go up to n = 1.
Then, Eq. (B.6) becomes
∂ log
(
σ2∗F (3)∗ (k)
)
∂ log σ2∗
− 1 = 1
F (3)∗ (k)
[ 1∑
n=0
a0,2nk
∆+2nyn(xn − 1)
=
a0,0k
∆y0(x0 − 1) + a0,2k∆+2y2(x2 − 1)
a0,0k∆y0 + a0,2k∆+2y2
= (x0 − 1)− (x0 − 1)a0,2
a0,0
y2
y0
k2 + (x2 − 1)a0,2
a0,0
y2
y0
k2 +O(k4) ,
(B.9)
where we have expanded up to the relevant order, i.e. k2. Therefore, the right-hand side of
Eq. (B.5) becomes
r.h.s. of Eq. (B.5) = bΨ(0)(a0,0k
∆y0 + a0,2k
∆+2y2)
+ 4
[
(x0 − 1)− (x0 − 1)a0,2
a0,0
y2
y0
k2 + (x2 − 1)a0,2
a0,0
y2
y0
k2
]
× (a0,0k∆y0 + a0,2k∆+2y2) +O(k∆+4)
= bΨ(0)(a0,0k
∆y0 + a0,2k
∆+2y2)
+ 4
[
(x0 − 1)a0,0k∆y0 + (x2 − 1)a0,2k∆+2y2 +O(k∆+4)
]
= a0,0
[
bΨ(0) + 4(x0 − 1)
]
y0k
∆
+ a0,2
[
bΨ(0) + 4(x2 − 1)
]
y2k
∆+2 +O(k∆+4)
= a0,0bΨ(∆)k
∆ + a0,2bΨ(∆+2)k
∆+2 +O(k∆+4)︸ ︷︷ ︸
equal to Eq. (B.4) at this order
.
(B.10)
It is then clear from the calculations shown here that Eq. (4.24) can be proven at
all orders in k. A proof can either proceed by induction, or by expanding 1/F (3)∗ (k) in
Eq. (B.9) as a power series,18 and then doing a Cauchy product of this series with that
for ∂F (3)∗ (k)
)
/∂ log σ2∗, thereby finding an expression for ∂ log
(
σ2∗F (3)∗ (k)
)
/∂ log σ2∗ − 1 at all
orders.
18More precisely, given a power series f =
∑+∞
n=0 anx
n, one can recursively find an expression for the
coefficients bn of the series 1/f =
∑+∞
n=0 bnx
n.
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C Dependence of bias on frequency α
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)
Figure 6: Top panel: dependence of the parameters A˜ = Aα4 and B˜ = B α3/2 of Eq. (C.1)
on the dimensionless frequency of oscillations α. Bottom panel: dependence of the non-
Gaussian bias on k for α = 50 and M = 1016h−1M (the dashed lines represent negative
values of ∆b1). We see that the conclusions drawn in Section 4.1 are confirmed. On short
scales the bias oscillates logarithmically with k and with a frequency ∝ α. For k/keq ≈ 10
the transfer function leads to a deviation from the simple scaling ∆b1 ∝ k2 of Eq. (C.1).
In this appendix we describe how we obtained the fit of Eq. (4.26) for the envelope of the
oscillations of ∆b1 with k. We assume that the envelope consists of a constant and a term
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quadratic in k, i.e.
∆b1(k) = f
res
NL
[
A+B
(
k
keq
)2]
. (C.1)
The parameter A is fitted from the scale-independent value of ∆b1 on large scales, where the
term ∝ k2 is negligible. That is, we take k = h 10−4.5 Mpc−1 and compute the non-Gaussian
bias there, neglecting the contribution from B(k/keq)2 in Eq. (C.1). We see that A = A˜/α4,
where A˜ oscillates with α around zero: this is shown in the first plot of the top panel of Fig. 6.
The parameter B is obtained in a similar way: we select the local maximum kmax around
k = h 10−2 Mpc−1, and compute B as
B =
∆b1(kmax)
f resNL
(
kmax
keq
)−2
. (C.2)
We find that B = B˜/α3/2, where B˜ oscillates with α around 2.7× 10−6 (see the second plot
of the top panel of Fig. 6).
D Initial conditions from CFC: cosmological collider case
In this appendix we show how to generalize the results of Section 2 and Appendix A to the
case where additional fields, possibly with non-zero spin, are present during inflation. As
discussed in the main text, we restrict to the case where the masses of these heavy fields are
non-zero: the curvature perturbation, then, freezes on super-Hubble scales and we can use
Eq. (A.9), provided that we compute the squeezed CFC bispectrum. The only non-trivial
contribution to the bispectrum comes from the change in the time coordinate, that gives rise
to terms containing the time derivative of the short-scale power spectrum: in this appendix
we show how these terms vanish at late times as in the single-field case.
As a prototype for generic models where the inflaton is coupled to some additional
massive degrees of freedom at the quadratic level (so that the power spectrum of ζ gets
corrections depending on the quadratic mixing between the inflaton and the massive field),
we consider the leading in derivatives quadratic mixing in the EFT of Inflation, i.e. L ⊃ δg00σ,
where σ is a massive minimally coupled scalar field. Higher spin fields can in general contribute
to the quadratic Lagrangian also at zeroth order in derivatives. For example, consider a spin-1
field σµ: it can contribute to the mixing via L ⊃ δg00σ0. However, the spin of the field does
not have an important effect on the power spectrum of ζ, so we will focus on the spin-0 case
only. We work in the decoupling limit, and then neglect metric perturbations in the action
for the Goldstone boson pi of broken time diffeomorphisms. The quadratic action for pi and
σ then becomes
S(2) = M
2
P
∫
d4x
√−g H˙(∂µpi)2 − 1
2
∫
d4x
√−g ((∂µσ)2 +m2σ2)+ ω30 ∫ d4x√−g p˙iσ .
(D.1)
Defining the scale f4pi = 2M2P|H˙| = −2M2PH˙ (at which time translations are spontaneously
broken and a description in terms of a Goldstone boson becomes applicable), and ρ ≡ ω30f−2pi ,
we see that the action is that of two minimally coupled scalar fields σ (massive) and pic ≡ f2pipi
(massless) in de Sitter, with interaction Lagrangian
∫
d3x
√−gLint = ρ
∫
d3x a3pi′σ.
To see how fast ζ = −Hpi evolves with time, we use the tree-level in-in formula with
Hint = −
∫
d3x
√−gLint = −ρ
∫
d3x a3pi′σ to compute the power spectrum of pi at a finite
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time η → 0−. The general expression for the expectation value 〈in|O(η)|in〉 ≡ 〈O(η)〉 of a
generic operator O(η;k1,k2, . . . ) is given by [84]
〈O(η)〉 = 〈0| Tei
∫ η
−∞− dsH
I(s)
OI(η) Te
−i ∫ η−∞+ dsHI(s) |0〉 , (D.2)
where |0〉 is the free vacuum, the superscript I denotes interaction picture operators, and
−∞± = −∞(1 ± i). For the action of Eq. (D.1), at tree level there is only one diagram
that contributes to the two-point function of pic, and the power spectrum of ζ takes the form
[35, 36] (see also [85] for a non-perturbative calculation)
Pζ(η) = Pζ(η)|ρ=0
(
1 +
ρ2
H2
c(iµ, η)
)
, (D.3)
where Pζ(η)|ρ=0 is the power spectrum in absence of interactions (whose derivative goes to
zero as k2η for η → 0−), and the function c(iµ, η) is defined by
c(iµ, η) = 2piRe
[ ∫ ∞
x
dx1
H
(1)
iµ (x1)√
x1
∫ ∞
x1
dx2
eix1H
(2)
iµ (x2)e
−ix2
√
x2
− e
−ix1H(2)iµ (x2)e
−ix2
√
x2
]
= −4pi Im
[ ∫ ∞
x
dx1
H
(1)
iµ (x1) sinx1√
x1
∫ ∞
x1
dx2
H
(2)
iµ (x2)e
−ix2
√
x2
]
.
(D.4)
The above integral is over x = −kη, the parameter iµ = ν is defined by µ2 = m2
H2
− 94 , and we
dropped the ±i from the upper limits for simplicity (they can be reinstated straightforwardly
by requiring convergence in the infinite past).
The correction to the power spectrum c(iµ, 0) is computed in many works [35, 36, 38]:
for our purposes it is sufficient to compute the derivative of Eq. (D.4) with respect to x and
see how fast it goes to zero for x → 0. Indeed, consider the two terms in Eq. (5.6) of the
main text, i.e. the contributions to the squeezed CFC bispectrum coming from the change in
the time coordinate: we see that at order (ρ/H)2 there will be a correction of the form19
Pζξ0(η, k`)Pζ(ks)
dc
dη
, PζB0ij
(η, k`)Pζ(ks)
dc
dη
. (D.5)
We write the derivative as
dc
dx
= 4pi Im
[
H
(1)
iµ (x) sinx√
x
∫ ∞
x
dy
H
(2)
iµ (y)e
−iy
√
y
]
, (D.6)
and we start by considering the case µ ≥ 0. The integral in Eq. (D.6) can be carried out
analytically, i.e.
I(x) =
∫
dx
H
(2)
iµ (x)e
−ix
√
x
=
2e−
piµ
2
√
x
pi
[
e−
piµ
2 2−iµxiµΓ(−iµ) 2F2
(
1
2 + iµ,
1
2 + iµ;
3
2 + iµ, 1 + 2iµ;−2ix
)
2µ− i
− e
piµ
2 2iµx−iµΓ(iµ) 2F2
(
1
2 − iµ, 12 − iµ; 32 − iµ, 1− 2iµ;−2ix
)
2µ+ i
]
.
(D.7)
19There will obviously be also the equivalent of these two terms with the O(ρ2/H2) corrections contained
in the cross-spectra Pζξ0 and PζB0ij . We do not consider them since they show a behavior similar to the one
we discuss in the rest of the appendix.
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The value of I(∞) can be computed via an asymptotic expansion of 2F2, following [36]. More
precisely, we have
2F2(a, a; b1, b2; z) ∼ Γ(b1)Γ(b2)
Γ(a)2
ezz2a−b1−b2
+
Γ(b1)Γ(b2)
Γ(a)Γ(b1 − a)Γ(b2 − a)(−z)
−a[ log(−z)− ψ(b1 − a)
− ψ(b2 − a)− ψ(a)− 2γ
]
,
(D.8)
where ψ(z) is the Digamma function. The first term on the right-hand side of Eq. (D.8) can
be neglected: indeed it goes to zero exponentially at large x thanks to the i rotation in the
complex plane. The final result is
I(∞) =
√
pi (1 + i)
2
e
piµ
2 (1 + e−2piµ)
cos2(ipiµ)
. (D.9)
Besides, since 2F2 is analytic in x = 0, we see that I(x) goes to zero as
√
xx±iµ for small x.
Therefore, the leading contribution to dcdx for x→ 0 comes from
dc
dx
∼ I(∞)H
(1)
iµ (x) sinx√
x
. (D.10)
The Hankel function behaves as H(1)iµ (x) ∼ x±iµ for small x, therefore dcdx ∼
√
xx±iµ, which
goes to zero as
√
x for x→ 0. We then see how, for m ≥ 3H/2, the two terms of Eq. (D.5) go
to at late times. Indeed, we can compute Pζξ0 and PζB0ij using the solution for ζ with ρ = 0.
To do this, we need the expressions for ξ0 and B0ij : using the results of [50] we see that the
uniform shift ξ0(η,0) is equal to
ξ0(η,0) =
∫ η
0
ds
[
(aF /a)(s,0)− ∂0ζ(s,0)H
]
, (D.11)
with
(aF /a)(η,0) =
∫ η
0
ds
[
∂0ζ(s,0) +
∂iV
i(s,0)
3
]
, (D.12a)
V i = ∂iz , z = −e−
∫ τ
0 dsH(s)
∫ η
0
ds
e
∫ s
0 duH(u)∂0ζ(s,0)
H(s) . (D.12b)
B0ij , instead, contains terms of the form
B0ij ⊃
{
∂0ζ,− ζH , ∂iV
i
}
, (D.13)
where V i is defined in Eq. (D.12b) above. The calculation of Pζξ0 and PζB0ij for ρ = 0 is
straightforward: their late-time behavior is
Pζξ0 ∼ η2 , PζB0ij ∼ η . (D.14)
As we take the mass of σ to be less than 3H2 , it is useful to switch to ν = iµ: ν =
3
2
corresponds to m = 0, while ν = 0 corresponds to m = 3H2 . For ν <
1
2 , we see from Eq. (D.7)
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that I(x) continues to go to zero for x → 0. Therefore, the leading contribution to dcdx will
still come from Eq. (D.10): the leading behavior, though, is changed to dcdx ∼ x
1
2
±ν . As the
mass becomes equal to
√
2H, we cannot apply the same argument anymore, since both I(x)
and I(∞) have a pole at ν = 12 . However, the difference I(∞) − I(x) is finite as ν → 12 ,20
and we still have dcdx ∼ x
1
2
±ν for small x. Combining this result with Eq. (D.14), we see that
as long as ν < 32 , the contribution coming from the change of the time coordinate vanishes at
late times.
As ν → 32 , instead, our results seem to imply that there is a finite and non-zero contribu-
tion from the coordinate change to CFC. However, this limit corresponds to taking the field σ
to be massless: therefore, it does not decay on super-Hubble scales (but goes to a constant),
and the transfer of σ to pic continues indefinitely after Hubble exit. Then, evaluating the
power spectrum at η → 0− is not justified. This can be seen by taking the ν → 32 limit of
Eq. (D.3), as done in [36]: the function c(iµ, 0) has a singularity there, which means that the
super-Hubble power spectrum diverges. To give a rough idea of how this behavior arises, we
compute the leading correction in ρ to the classical mode functions of pic for the action of
Eq. (D.1). This does not allow to compute the full power spectrum (for which the full in-in
calculation is needed), but will allow us to check the time dependence of ζ on super-Hubble
scales. The equation of motion for pic is
pi′′c + 2Hpic + k2pic +
ρ
H
(3H2σ +Hσ′) = 0 , (D.15)
where H = aH = −η−1. The solutions for pic and σ at zeroth order in ρH are21
pic = αpi
iH√
2k3
(1− ix)eix︸ ︷︷ ︸
≡pi(1)
+ βpi
(
− iH√
2k3
)
(1 + ix)e−ix︸ ︷︷ ︸
≡pi(2)
, (D.16a)
σ = ασ
√
piHe−
ipiν
2
− ipi
4
+ipi
2k
3
2
x
3
2H(1)ν (x)︸ ︷︷ ︸
≡σ(1)
+ βσ
√
piHe
ipiν
2
+ ipi
4
+ipi
2k
3
2
x
3
2H(2)ν (x)︸ ︷︷ ︸
≡σ(2)
, (D.16b)
where the Bunch-Davies initial conditions select αpi = 1, βpi = 0 and αpi = 1, βσ = 0. We can
then solve Eq. (D.15) up to first order in ρH as
pic(η) = pi(1)(η) +
ρ
H
[
−pi(1)(η)
∫ η
ds
pi(2)(s)J(s)
w(s)
+ pi(2)(η)
∫ η
ds
pi(1)(s)J(s)
w(s)
]
, (D.17)
where we defined J ≡ 3H2σ+Hσ′ (that is evaluated using the mode functions of Eq. (D.16),
since any correction will be higher order in ρH ), w ≡ pi(1)pi′(2) − pi(2)pi′(1) = iH2η2, and we
have denoted by
∫ η
ds the fact that we do not choose a particular initial time to compute the
inhomogeneous solution. By Taylor expanding the mode functions for pic, and using the fact
that pi(1)(η) + pi(2)(η) = O(η3) for η → 0−, we see that the leading contribution from the pi-σ
exchange at late times is given by
pic(η) ⊃ ρ
H
iH2
3
[
η3
∫ η
ds
J(s)
w(s)
+
∫ η
ds
s3J(s)
w(s)
]
, (D.18)
20This can be checked by using the Laurent series for Eqs. (D.7), (D.9) around ν = 1
2
.
21Notice that the constants α and β have dimension 3
2
(as the creation and annihilation operators do at the
quantum level).
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where J(η) scales as (−η)− 12±ν at late times. This result shows that for ν = 32 , the time
derivative of the mode function for small η goes as −η−1, so that the power spectrum will
diverge logarithmically on super-Hubble scales.
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